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Abstract
We discuss several models of the dynamics of interacting popula-
tions. The models are constructed by nonlinear differential equations
and have two sets of parameters: growth rates and coefficients of inter-
action between populations. We assume that the parameters depend
on the densities of the populations. In addition the parameters can
be influenced by different factors of the environment. This influence
is modelled by noise terms in the equations for the growth rates and
interaction coefficients. Thus the model differential equations become
stochastic. In some particular cases these equations can be reduced to
a Foker-Plancnk equation for the probability density function of the
densities of the interacting populations.
Keywords: interacting populations, density fluctuations, multiplicative white
noise, probability density functions for populations densities
1 Introduction
In this paper we shall discuss several models of the dynamics of interacting
biological populations. Usually such models consist of nonlinear ordinary
differential equations for the population densities [1]-[6]. Two sets of param-
eters are presented in the models: growth rates and coefficients of interaction
between the populations. The basic assumption in the discussed below mod-
els is that the model parameters depend on the densities of the populations.
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The new point in this study is the assumption that the model parameters
can depend also on the environment. This influence will be modelled by
noise terms. Thus the model equations will become nonlinear stochastic dif-
ferential equations. The kind of noise will be multiplicative noise (noise that
depends on the populations densities) or more complicated kind of noise.
The result of the influence of the environment fluctuations is that instead
of equations for the trajectories of the populations in the phase space of
the population densities we will have to write and solve equations for the
probability density functions of the densities of the interacting populations.
Below we shall discuss the models in order of their increasing mathe-
matical complexity. We shall start with inclusion of additive noise only in
the growth rates of populations. This will lead to arising of multiplicative
noise in the model equations. Then we shall consider a model with additive
noise in the coefficients of interaction between the populations. The third
model will contain additive noise in the both sets of parameters: in growth
rates and in the interaction coefficients. Next we shall consider a model with
multiplicative state dependent noises in the growth rates and in the inter-
action coefficients of the model equations. Finally we shall show a part of
methodology for reduction of the nonlinear stochastic differential equations
to a Fokker-Planck equation for the probability density function of the spa-
tial densities of the populations. Several concluding remarks are given at the
end of the paper.
2 Model equations without influence of envi-
ronmental fluctuations
The classical model of interacting populations is based on a system of non-
linear ordinary differential equations of the Lotka-Volterra kind:
ρ˙i = riρi(t)

1− n∑
j=1
αijρj(t)

 . (1)
in Eqs.(1) ρi are the densities of the population members, ri are the growth
rates (that can be negative if the number of deaths in the corresponding
population is larger than the number of births). αij are coefficients of inter-
action between the populations i and j. ρ˙i denotes the time derivative of the
density ρi.
Let us now suppose [4]-[8] that the birth rates and interaction coefficients
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depend on the density of the populations:
ri = r
0
i

1 + n∑
j=1
rijρj

 ; αij = α0ij

1 + n∑
j=1
αijkρk

 (2)
In Eq.(2) rij and αijk are parameters. The substitution of Eq.(2) in Eq.(1)
leads to a system of model equations of the kind
ρ˙i = Fi(ρ1, . . . , ρn);
Fi(ρ1, . . . , ρn) = r
0
i ρi
{
1−
n∑
j=1
(α0ij − rj)ρj −
n∑
j=1
n∑
l=1
α0ij(αijl + ril)ρjρl −
n∑
j=1
n∑
k=1
n∑
l=1
α0ijrikαijlρjρkρl
}
.
(3)
We note that the system (3) consists of nonlinear ordinary differential equa-
tions with polynomial nonlinearities up to the order 4.
3 Model equations when the birth rates are
influenced by environmental fluctuations
Let us now suppose that the birth rates and interaction coefficients depend
on the density of the populations and in addition the birth rates fluctuate.
If the number of the populations in the studied system is n then in general
the number of external influences that we have to account for will be n too.
The equations for the growth rates and interaction coefficients become
ri = r
0
i

1 + n∑
j=1
rijρj

+ ηi;
αij = α
0
ij

1 + n∑
j=1
αijkρk

 . (4)
In Eq. (4) rij and αijk are parameters and ηi are noises (Below we shall
assume that ηi are Gaussian white noises but in general there is no restriction
on the probability density function and on the correlation properties of the
noises).
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The substitution of Eq.(4) in Eq.(1) leads to a system of model equations
of the kind
ρ˙i = Fi(ρ1, . . . , ρn) + ηiGi(ρ1, . . . , ρn);
Fi(ρ1, . . . , ρn) = r
0
i ρi
{
1−
n∑
j=1
(α0ij − rj)ρj −
n∑
j=1
n∑
l=1
α0ij(αijl + ril)ρjρl −
n∑
j=1
n∑
k=1
n∑
l=1
α0ijrikαijlρjρkρl
}
Gi(ρ1, . . . , ρn) = ρi
(
1−
n∑
j=1
α0ijρj −
n∑
j=1
n∑
k=1
α0ijαijkρjρk
)
.
(5)
Thus the presence of noise in the growth rates leads to change of the kind of
the system of model equations. The system of nonlinear ordinary determin-
istic differential equations (2) is converted to a system of nonlieaar stochastic
differential equations (5). In addition the stochastic terms ηiGi(ρ1, . . . , ρn)
in the sytem (5) depend on the state of the system. The additive noise from
Eqs.(3) leads to multiplicative noise in the system of equations (5). If all ηi
are Gaussian white noises then the system (5) can be converted to a Fokker-
Planck equation for the probability density function of the densities of the
populations.
4 Model equations when the interaction co-
efficients are influenced by environmental
fluctuations
This case is more complicated as the number of interagtion coefficients in
general is n2 where n is the number of interacting populations. The additive
noises σij are included in the equations for αij
ri = r
0
i

1 + n∑
j=1
rijρj

 ;
4
αij = α
0
ij

1 + n∑
j=1
αijkρk

+ σij . (6)
In Eq. (6) rij and αijk are parameters and ηi are Gaussian white noises.
The substitution of Eq.(6) in Eq.(1) leads to a system of model equations
of the kind
ρ˙i = Fi(ρ1, . . . , ρn)−
n∑
j=1
σijGij(ρ1, . . . , ρn);
Fi(ρ1, . . . , ρn) = r
0
i ρi
{
1−
n∑
j=1
(α0ij − rj)ρj −
n∑
j=1
n∑
l=1
α0ij(αijl + ril)ρjρl −
n∑
j=1
n∑
k=1
n∑
l=1
α0ijrikαijlρjρkρl
}
Gij(ρ1, . . . , ρn) = ρiρjr
0
i
(
1 +
n∑
k=1
r0ikρk
)
.
(7)
In the general case the system (7) can be solved only numerically. But in the
particular cases (where each equations contains only a single multiplicative
noise and this multiplicative noise is Gaussian white noise) the analytical
treatment is possible on the basis of the theory of Markov processes and
forward Kolmogorov (Fokker-Planck) equation.
5 Model equations for the general case when
all parameters are influenced by environ-
mental fluctuations
In the general case the environment fluctuations can influence both the
growth rates and the interaction coefficients. In this case the additive noises
σij are present in the equations for αij and additive noises ηi are present
in the equation for ri. Thus the equations for the growth rates and for the
competition coefficients become
ri = r
0
i

1 + n∑
j=1
rijρj

+ ηi;
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αij = α
0
ij

1 + n∑
j=1
αijkρk

+ σij (8)
The substitution of Eqs.(8) in Eq.(1) leads to a system of model equations
of the kind
ρ˙i = Fi(ρ1, . . . , ρn)−
n∑
j=1
σijG
(1)
ij (ρ1, . . . , ρn)
+ηiG
(2)
i −G
(3)
i ;
Fi(ρ1, . . . , ρn) = r
0
i ρi
{
1−
n∑
j=1
(α0ij − rj)ρj −
n∑
j=1
n∑
l=1
α0ij(αijl + ril)ρjρl −
n∑
j=1
n∑
k=1
n∑
l=1
α0ijrikαijlρjρkρl
}
G
(1)
ij (ρ1, . . . , ρn) = ρiρjr
0
i
(
1 +
n∑
k=1
r0ikρk
)
G
(2)
i = ρi
(
1−
n∑
j=1
α0ijρj −
n∑
j=1
n∑
k=1
α0ijαijkρjρk
)
G
(3)
i = ηiρi
n∑
j=1
σijρj. (9)
We observe three kinds of noise terms in the system of equations (9). G
(1)
ij
is a result of the action of the environment on the coefficients of interaction
between the populations. G(2)i is a result of the action of the environment
on the growth rates. And because of the nonlinearity of the model equations
there exist third kind of terms G
(3)
i that is a result of the joint action of the
two influences. If one kind of influence is not present G(3) is 0. In general the
system (9) can be studied only numerically. Analytical treatment is possible
only when one of the two kinds of influences is missing and the noises that
account for the environment influences are Gaussian white noises.
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6 General case for presence of multiplicative
white noise in the coefficients
Even more general case of influence by the environment is when this influence
depends on the state of the system. In this case instead of additive noises we
have to add multiplicative noises at the equations for the growth rates and
interaction coefficients. The equations become
ri = r
0
i

1 + n∑
j=1
rijρj

+ ηiHi(ρ1, . . . , ρn);
αij = α
0
ij

1 + n∑
j=1
αijkρk

+ σijIij(ρ1, . . . , ρn).
(10)
We remember that in Eq. (10) rij and αijk are parameters; ηi and σij are
Gaussian white noises; and Hi and Iij are functions depending on the den-
sities of the populations. The substitution of Eq.(10) in Eq.(1) leads to a
system of model equations of the kind
ρ˙i = Fi(ρ1, . . . , ρn)−
n∑
j=1
σijIij(ρ1, . . . , ρn)×
G
(1)
ij (ρ1, . . . , ρn)
+ηiHi(ρ1, . . . , ρn)G
(2)
i −G
(3)
i ;
Fi(ρ1, . . . , ρn) = r
0
i ρi
{
1−
n∑
j=1
(α0ij − rj)ρj −
n∑
j=1
n∑
l=1
α0ij(αijl + ril)ρjρl −
n∑
j=1
n∑
k=1
n∑
l=1
α0ijrikαijlρjρkρl
}
G
(1)
ij (ρ1, . . . , ρn) = ρiρjr
0
i
(
1 +
n∑
k=1
r0ikρk
)
G
(2)
i = ρi
(
1−
n∑
j=1
α0ijρj −
n∑
j=1
n∑
k=1
α0ijαijkρjρk
)
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G
(3)
i = ηiHi(ρ1, . . . , ρn)ρi
n∑
j=1
σij ×
Iij(ρ1, . . . , ρn)ρj .
(11)
7 An example for reduction of model stochas-
tic differential equations to a Fokker-Planck
equation
Let us discuss the model system (5) for the case of one population (we set
r0 = r; r11 = 0; α
0
11 = α; α111 = 0). The model equation is
ρ˙ = F (ρ) + ηG(ρ)
F (ρ) = rρ− αrρ2; G(ρ) = ρ− αρ2. (12)
Eq.(12) is a particular case of a more general equation. We shall discuss
the case where F (ρ) and G(ρ) are polynomials of arbitrary orders p1 and p2,
i.e.,
F (ρ) =
p1∑
i=1
µiρ
i; G(ρ) =
p2∑
i=1
θiρ
i. (13)
where µi and θi are parameters. In this case Eq.(12) becomes
ρ˙ =
p1∑
i=1
µiρ
i + η
p2∑
i=1
θiρ
i.
(14)
The formal integration of Eq.(14) leads to the equation
ρ(t) = ρ(t = 0) +
∫ t
0
dτ F [ρ(τ)] +
∫ t
0
dWτ G[ρ(τ)], (15)
where Wτ is a Wiener process. The integral
t∫
0
dWτ G(ρ(τ)) can be integral
of Ito kind or integral of Stratonovich kind. Let us assume that the integral
is an integral of Ito kind. For this case Eq.(15) can be written as
dρt = F (ρt)dt+G(ρt)dWt, (16)
where we wrote the time dependence as subscript and in general F and G are
given by Eqs.(13). The Fokker-Planck equation that corresponds to Eq.(16)
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is
∂
∂t
p(x, t) = −
∂
∂x
{
p(x, t)
[ p1∑
i=1
µix
i
]}
+
1
2
∂2
∂x2
{
p(x, t)
[ p2∑
i=1
p2∑
j=1
θiθjx
i+j
]}
.
(17)
We can formulate the following statement (the proof will be presented else-
where): Let b1 and b2 be natural boundary points (−∞ ≤ b1 < b2 ≤ ∞).
Let in addition σ(x) =
p2∑
i=1
θix
i > 0 in (b1, b2). Then the diffusion process
Xt that is solution of the stochastic differential equation Eq.(16) has unique
invariant distribution with p.d.f.
p0(x) =
N
p2∑
i=1
p2∑
j=1
θiθjxi+j
exp


∫ x
c
dy
2
p1∑
i=1
µiy
i
p2∑
i=1
p2∑
j=1
θiθjyi+j

 ,
∨x ∈ (b1, b2) (18)
if the quantity
N−1 =
∫ b2
b1
dx
1
p2∑
i=1
p2∑
j=1
θiθjxi+j
exp


∫ x
c
dy
2
p1∑
i=1
µiy
i
p2∑
i=1
p2∑
j=1
θiθjyi+j

 ,
b1 < c < b2 (19)
has finite value. In addition each time-dependent solution p(x, t) of the
Fokker-Planck equation (17) in (b1, b2) satisfies
lim
t→∞
p(x, t) = p0(x) (20)
For the case of more than one population we have to solve the system of
stochastic differential equations
dXi(t) = Fi[X1(t), . . . , Xn(t)] +
Gi[X1(t), . . . , Xn(t)]dWi(t), i = 1, . . . , n, (21)
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where Wj(t) are independent Wiener processes and
Fi(ρ1, . . . , ρn) = r
0
i ρi
{
1−
n∑
j=1
(α0ij − rj)ρj −
n∑
j=1
n∑
l=1
α0ij(αijl + ril)ρjρl −
n∑
j=1
n∑
k=1
n∑
l=1
α0ijrikαijlρjρkρl
}
Gi(ρ1, . . . , ρn) = ρi
(
1−
n∑
j=1
α0ijρj −
n∑
j=1
n∑
k=1
α0ijαijkρjρk
)
. (22)
The corresponding Fokker-Planck equation is: (Gij = Giδij where δij is the
Kronecker delta-symbol)
∂
∂t
p = −
∑
i=1
∂
∂xi
[pFi(x1, . . . , xn, t)] +
1
2
n∑
i=1
m∑
j=1
∂
∂xi
∂
∂xj
[p×
Gij(x1, . . . , xn, t)Gji(x1, . . . , xn, t)]. (23)
8 Concluding remarks
In this paper we discuss the influence of environment fluctuations on the dy-
namics of interacting populations modelled by system of nonlinear differential
equations. The problem is intereting as the fluctuations are often present in
the complex systems [9] -[11] and in particular in the systems of populations
[12]-[14].
In the discussed above models the growth rates and the interaction coeffi-
cents depend on the density of the populations. The influence of environment
leaded to terms containing multiplicative noise or more complicated kind of
noise. This research is continuation of our research on presence of additive
noise in the model equations of the population dynamics [15],[16] There are
two main approaches to deal with fluctuations. The first approach is based
on appropriate averaging and in this way one investigates mean quantities
connected to the problem. In addition this approach can lead to reduction of
the spatial dimensions of the problem if such dimensions are present as well
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as it can lead to relatively simple mathematical description of somlex media
such as porous media (for examples see [17, 18]).
Finally let us note that one possible extension of the above research is
to include spatial dimensions in the model equations [19]-[21]. For the case
without environment influence we can obtain even analytical solutions of
the model nonlinear PDEs [22]-[24]. In general the case when environment
influence is present can be treated only numerically. We shall discuss these
problems in more detail elsewhere.
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